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Introduction 



The systems of coherent states related to Lie groups introduced in [Pe 1972] , 
play the important role in many branches of theoretical and mathematical 
physics and pure mathematics [CS 1985], [Pe 1986]. 

The basic feature of such systems is that they are overcomplete, i.e. con- 
tain subsystems, which are themselves complete. The most interesting of 
them are subsystems related to discrete subgroups of Lie groups, the first 
of which were considered by von Neumann [Ne 1929], [Ne 1932]. The com- 
pleteness properties of such system were investigated in [BBGK 1971] and 
[Pe 1971]. 

In the last few years g'-deformed coherent states were introduced and some 
their properties were investigated (see, for example, [AC 1976], [Bi 1989], 
[Ma 1989], [Ju 1991]). Note that these states arc related to g-deformed Lie 
algebras [KR 1981], [Dr 1985], [Dr 1986], [Ji 1985], [Ji 1986], [FRT 1991]. 

We investigate in the present paper the completeness properties of q- 
deformed coherent states for simplest g-deformed Lie algebras, namely for 
Wq{l), sUg{2) and sUq{l,l). It appears that some important properties of 
such systems are changed essentially after q'-deformation. 



1 System of standard coherent states 

In this section we recall the basic properties of the system of standard co- 
herent states, introduced by E. Schrodinger [Sch 1926] ( see [Ste 1988] for 
historical discussion). For more details see books [CS 1985], [Pe 1986]. 

The basic quantities are the creation and annihilation operators and 
a and the unit operator J, which act in the Hilbert space Ti and generate the 
Heisenberg-Weyl algebra: 

[a,a-^]^aa-^ -a-^a^ I, [a, /] = [a+, /] = 0. (1.1) 

The standard orthonormal basis {|n)}, n = 0, 1, . . ., in 7i is defined by 

\n) = VplO), (1.2) 

where |0) is the vacuum vector satisfying the condition 

a|0) = 0. (1.3) 
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The operators a and a"*" act as follows 

a\n) ^ ^/n\n - 1), a'^ \ n) ^ y/n + l\n + 1). (1.4) 

Let us introduce the operators 

E{a) — exp {aa), E~^{a) — exp {aa'^), a e C. (1.5) 

Then the standard system of coherent states that are non-normalized, 
may be defined by the formula 

||a) = E+(a)|0), (1.6) 

or 

IN-E^I^)- (1-7) 

n=0 V 

It is easy to see that coherent states are eigcnstates of the annihilation 
operator 

a ||q;) = q; ||q;), a & C, (1.8) 
and we can calculate the norm of such state 

{a\\a)^ E ^-j— ■ (^1^) - E ^=r = exp {\a\ ). (1.9) 

Hence the normalized state \a) has the form 

|ap\ ,, , / ^-^ a" 



|a) = exp ^jll") = exp X^-^ |n). (1.10) 

The coherent states are not orthogonal to one another. The scalar product 
of two such states has the form 

(a| 1/3) = exp (a/3). (1.11) 

We also have the "resolution of the unity" 

If °° 

- (fa\a){a\ = y] \n) {n\ = I, (1.12) 
from which it follows that the system of coherent states is complete. 



This gives us the possibihty to expand an arbitrary state l^^) on the states 

la) 

= — I (f'ac{a) \q), c{a) = {pi\'4')- (1-13) 

TT J 

Note that if a coherent state |/?) is taken as Eq. (1.13) defines a Unear 
dependence between different coherent states. It follows that the system of 
coherent states is overcomplete, i.e. it contains subsystems that are complete. 

Using (1.10) we obtain the following expression for (q;|^) in (1.13): 

(Q;|V')=exp(-^)v(«), (1-14) 

where 

^{a) = Y^^a\ c„ = (n|V'). (1.15) 
n=o V n! 

At the same time, the inequality |c„| = < 1 means that ■?/'(«) is 

an entire function of the complex variable a for the normalizing state IV' >■ 
We also have | (q;|'0) | < 1 and therefore have a bound on the growth of ■0(q;): 

|V'(a)|<exp(^). (1.16) 

The normalization condition may now be written as 

7= iy d^c^exp {-\a\^^ \i'{<^)? = (V'lV') = 1- (1-17) 

The expansion of an arbitrary state l'^) with respect to coherent states 
takes the form 

1 11^ 

Thus, we have estabhshed a one-to-one correspondence between the vec- 
tors of the Hilbert space and the entire functions ip{a), for which the 
integral (1.17) is finite. This correspondence is estabhshed by Eqs. (1.15) 
and (1.18). 
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2 System of coherent states for (/-deformed 
Heisenberg-Weyl algebra 

The generalization of the coherent states for g-deformed Heisenberg-Weyl 
algebra was given in the papers [AC 1976], [Bi 1989], [Ju 1991]. The corre- 
sponding formulae of the previous section should be modified. 

Here the basic quantities as in the previous section are the creation and 
annihilation operators and a and unit operator J, which act in the Hilbert 
space Ti and satisfy the relations 

[a, a^] = aa^ — qa^a = I, [a, I] = [a^, /] = 0. (2-1) 

The orthonormal basis \n) inTi is defined by 

l'^) = S=4lO), (2.2) 



where 



1 — 

H! = [l].[2]-...-[n], [n] = l + q + ... + q--' = ^-^, (2.3) 

and |0) is the vacuum vector satisfying the condition 

a|0) = 0. (2.4) 

The operators a and a+ act here as 

a\n) = ^/\n]\n - 1), a+ \n) = ^[n +l]\n + 1). (2.5) 

Let us introduce the operators 

E{a) = Cqiaa), -E^(a) = eg(aa'*"), a G C, (2.6) 

where the function eq{x) is the generalization of the exponential function and 
is defined by the formula (see [Ex 1983] and [An 1986] for details)^ 

e.(x) = E^- (2.7) 



^For simplicity, we restrict the consideration of the case < q < 1, used mainly in 
mathematical literature. 



4 



It is easy to sec that this series converges at |a;| < Rq = (l — q)^^ (for all finite 
values of x at |g| > 1), and at g — 1, [n]! n\. This function coincides 
with a standard g-exponent and satisfies the equation 

(^)^e,(x) = e,(x), (2.8) 
where the g-derivative (^)g is defined by the formula 

so that {■^)q (^) at the limit g ^ 1. 

By using (2.8) and (2.9) one can show that 

eq{x) = ^. (2.10) 

nr=o l 9)^ 



So the eq{x) is the meromorphic function, which has no zeros and has 
simple poles at the points Xk = q~^/{l — q). 

One can show [Ex 1983] that the inverse function (^q{x)^ (an entire 
function) is given by 

\ -1 oo (-i\n„n{n-l)/2 n oc , 

^ n=0 FJ- fc=0 ^ 

(2.11) 

We now define the system of coherent states by the formula 

1 1 a) =£;+(«) 1 0) (2.12) 

and it is easy to see that this definition is coinside with the definition given 
by Arik and Coon [AC 1976] 

oo n 

ll«> = E^I^)- (2-13) 

n=o \j[n\\ 

It is easy to see that coherent states are eigenstates of the annihilation 
operator 

a I |a) = a I !«), a e C, (2-14) 
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and we can calculate the norm of such states 

oo oo |„, |2n 



m,n=o y [mj! [nj! n=0 FJ- ^ ^ 



Note that this series converges at 



Q 

Hence the normalized state la) has the form 



a\'<Rl = {l-qr\ (2.16) 



l«) = (e,(|ar)) ''^'||«)= (e,(|a|^)) ^ ^^|n), |a| < i?,. (2.17) 



The coherent states are not orthogonal to one another. The scalar product 
of two such states has the form 

{a\\(3) = eg{af3), (2.18) 

We also have the "resolution of the unity" 

- / dla \a) {a\ = — dO dJr'^) \a) {a\ = V \n) {n\ = I, (2.19) 
TT J Da 2ti Jo Jo 



a = re'^, Dg = {a: \a\ < Rg}. 
which follows from the formula 



£ {eg{x)^ Vd,x = [n]!, (2.20) 



where Xi = {1 — q) ^ is the first zero of the entire function yeq{x)j and 
the integral f{x) dqX is the so-called Jackson integral [Ex 1983]: 

/ f{x)dgX = a{l-q)J2q''f{q'a). (2.21) 

Note that from the "resolution of unity" (2.19) it follows that the system 
of coherent states is complete. This gives us the possibility to expand an 
arbitrary state l^^) on the states \a) 



1 

TT 



d'^a{a\i))\a). (2.22) 
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If a coherent state \j3) is taken as (2.22) defines a linear dependence 
between different colierent states. Therefore, the system of coherent states 
is overcomplete, i.e. contains subsystems, which are complete. 

By using (2.17) we obtain an equation for {a\%l)) 

(a|V^) = (e,(|a|2)) "\{a), (2.23) 

where 

V'(a) = ^^a", c„ = (n|V'). (2.24) 

At the same time, the inequality |c„| = < 1 means that ifj^a) for 

the normalizing state 1-0) is an analytical function of the complex variable a 
in the disc Dq — {q;||q;| < Rq\. We also have |(q;|V')| < 1, and therefore a 
bound on the growth of ■0(q;): 

\^l^{a)\<(e,{\a\'')y. (2.25) 
We can now rewrite the normalization condition as 

The expansion of an arbitrary state with respect to coherent states 
takes the form 

IV') -\ 4« (e^d^r)) ^'%{oi) \a). (2.27) 

Thus, we have established a one-to-one correspondence between the vec- 
tors 1^) of the Hilbert space and the functions ilj{a) analytical in Dq, for 
which the integral (2.26) is finite. This correspondence is established by 
(2.23) and (2.27). 

3 Completeness of subsystems of g-deformed 
coherent states 

As it was shown in the foregoing section, the system of g-deformed coherent 
states 

{\a):aeDq}, Dq = {a:\a\ < {I - q)'^'^} (3.1) 
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is ovcrcomplete, and hence there exist subsystems of coherent states that are 
complete ones. We describe these subsystems in this section. 

Let us take some set of points {0;^} in the disc Dg and take the corre- 
sponding subsystem of coherent states {jafe)}. Then if there exists a vector 
1-0) of the Hilbert space H, which is orthogonal to all states {|a;fe)}: 

KIV) = 0, (3.2) 

then the system {la*;)} is incomplete. It is complete if such a vector does 
not exist. 

We may reformulate this criterion in terms of the function 

V'(a) = (V'||«) = E(V'l^)4=' (3.3) 

n V FJ ' 

which is analytic inside Dg, and is equal to zero at the points ak 

V^K) = 0. (3.4) 
If such a function has a finite norm 

^ Id I^(")I'(^^(I"I')) '4^<^^ (3-5) 

then the system {lafc)} is incomplete. But if any such function has infinite 
norm \ \ = 00, then such a system is complete. 

Note that the function ip{a), having the finite norm, should satisfy the 
condition 

|V'(«)|' {egi\a\')y' < |V'(«)|' (1 - \a\\l - ?)) < C, ae Dg. (3.6) 
It follows from this condition that 

1 

We give the simple example of the complete subsystem of coherent states. 

Let the set {ak} have a limit point inside the disc Dg. The function that 
is analytic inside Dg and equal to zero at points ak should be equal to zero 
identically. Hence this system of coherent states is complete. 
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For the future, it is convenient to introduce the new variable 

C^il-qf/^a. (3.8) 

So we may now consider the set of functions analytical inside the unit disc 
^ = {C:|C|<1}- 

The characteristic property of il'iC)) related to the complete set {Cfc}, is 
that it has sufficiently many zeros inside D.f = {C- |C| < f^} S'-rid hence it 
sufficiently quickly grows at |C| ^ 1- So we may use some theorems from the 
theory of functions analytical inside the unit disk. 

Let us give the theorem [Le 1964] that relates the growth of such function 
analytic in a disc with the distribution of its zeros. 

Let M(r) be the maximum modulus of f{() on the circle Cr — {(: |C| = 

r}: 

I 

1 



Mi(r) 



27r 



\f{re'')\'de 



(3.9) 



and n(r) be the number of zeros of /(C) in the disc D = {(: \(\ < r}. We 
assume that the limit 

u = lim^_i (1 - r^) n{r) (3.10) 
exists and that u 0. The numbers 



lim. 



r-»l 



In M(r)/ In 



Tl = limr-^-i In Ml (r) / In 



1-^2 
1 



l-r2 



(3.11) 



(3.12) 



characterize the growth of /(C) at |C| — > 1, and we call r and ti the general- 
ized types of function /(C)- 

Note first of all the following relation between u, r and Ti: 
Theorem 3.1. When v > 0. the following inequalities are true 



T > 



Tl > 



(3.13) 



Proof. Dividing f{z) by az"', if necessary, we obtain f{z) with /(O) = 1. 
We use the Jensen formula 



r ln\ f{re'')\d9= f dt, 
Jo Jo t 



277 Jo 



(3.14) 



from which 

In M(r) > r^^dt. (3.15) 
Jo t 

On the another hand, from the generahzed inequahty between the arithmetic 
and geometric means 



InMi(r) = -In - / \f{re')\^d9\ > — / In |/(re^^)| rf^ = / dt. 

Z '-ZTT Jo ZTT Jo Jo t 

(3.16) 

It follows from the definitions of UjT and ti, that whatever the numbers 
£ > 0, £i > and 5 > 0, there exists the such number ro < 1 that 

InM(r) < (r + £) In-^, In Mi(r) < (n + £i) In (3.17) 
1 — r 1 — r 



n{r) > ^ ^r^ 

1 — 



l-H 

when r > ry We may now rewrite (3.15) and (3.16) as 
(r + e) In ^ > In M(r) > / dt + — — In - In 

(Ti+£i)ln- ^>lnMi(r)>/ 4^ rft 

1 — Jo t 



1 — 1 — 

(3.18 



2 



(3.19) 

Considering the limit r ^ 1 in (3.18) and (3.19) with i/ > 0, we arrive at 
(3.13). 

The criterion of completeness of the subsystem of g-deformed coherent 
states follows from this theorem and from inequality (3.6). 

Theorem 3.2. The system of q-deformed coherent states {\ak)} is com- 
plete, if the limit 

V = lim^_,i (1 - r^) n{r) (3.20) 

exists and if u > 1. Here n{r) is the number of points inside the disc 

Dr = {C:\C\<r}. 

In order to construct the examples of complete subsystems it is useful to 
consider the unit disc D as a Lobachevsky plane with standard measure 
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on which the group G = SU{1, 1)/Z2 acts transitively. The simplest subsys- 
tems (Ittfe)} are related to the discrete subgroups T of the group G. 
Let r = {7n} ^-nd ccq be any point of D. 

Definition 3.3. The set of states {\ak)}, where ctk — ' OiQ> called 
the subsystem of coherent states related to subgroup T. 

Theorem 3.4. The system of q-deformed coherent states related to the 
discrete subgroup T of the group G = SU{1, 1)/Z,2 is incomplete if the area 
Sr of the fundamental domain r\D is infinite. 

Proof. In this case one may show (see for example [Le 1964]) that there 
exists a function /(C) , which is analytic and bounded in D, that has zeros 
at the points (t- For such a function the norm defined by Eq. (3.5) is finite 
and hence this system of coherent states is incomplete. 

Theorem 3.5. Let the system of q-deformed coherent states {\ak)} be 
related to the discrete subgroup T, such that the area Sp of the fundamental 
domain r\D is finite and Sr < tt. Then the system is complete. 

Proof. Let us remind that non-Euclidian area of the disc of radius r 
is equal to S{r) = 7rr^/(l — r^). In this case, it follows from the condition 
-S'r < TT that u — tt/St > 1- Hence the norm of any analytic function, 
which has the zeros in the points {ak}, is infinite, and the system {jafc)} is 
complete. 

Let us try to list the discrete subgroups F for which S'r < vr. To this 
end, we need the information from the theory of discrete subgroups F of the 
group SU{1, 1)7^2, which we take from [Le 1964]. Let us restrict ourselves 
to consideration of groups with finite area of the fundamental domain r\D. 
It is known that in this case the fundamental domain has the form of a 
polygon with an even number of sides 2n. These sides being divided into 
pairs, are equivalent with respect to the action of transformations of the 
group F. The vertices of the polygon are joined in the cycles of vertices, 
which are equivalent to one another. With this, the sum of the angles of the 
polygon at the vertices of a given cycle equals to 2tt/1, where / is cither a 
positive integer or oo. If / = 1, the cycle is called random. If / = oo, the 
vertices of the cycle lie on the boundary of the domain D, and the cycle is 
called parabolic, while in all the other cases, the cycle is called eUiptic and I 
is called the order of the cycle. Let c be the number of cycles. By identifying 
equivalent sides and vertices, we obtain a Riemann surface. The genus p of 
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this surface may be found by the formula 



27r — 1 + n — c. 



(3.21) 



We call the set of numbers (p, c; h, h, ■ ■ ■ , Ic) the signature of the group 
r. We would like to mention that the area of the fundamental domain Sr is 
completely determined by the signature of the group and, for our choice of 
invariant measure d//(C) = (1 — \C\'^)~'^d^dV: is given by 



From (3.22) it is easy to see that the value of St cannot be arbitrarily 
close to zero. It may be shown [Si 1945] that the minimal value of Sr = 

corresponds to the group F with the signature (0, 3; 2, 3, 7). If the 
fundamental domain is not compact, i.e. the group F contains parabolic 
elements, then Sr > Sr = ^ correspond to the modular group F = 
(0, 3; 2, 3, cxd). It is known also that when p > 2, the signature of F may be 
arbitrary. For p = 1 the condition c > 1 should be satisfied, and for p = 
we should have either c > 5, or c = 4 and J2lJ^ < 2, or c = 3 and Ij^ < 1. 

We are interested here in the case 




(3.22) 




(3.23) 



As it will shown below, the number of such cases is finite. 
Let us consider separately the different cases: 



I. Let p > 2, then (3.23) cannot be satisfied. 



II. Let p = 1, then (3.23) takes the form 




c > 1; 



n — c + 1. 



(3.24) 



Hence here we may have: 



a) 



c 



1; /i = 2,3, ...,oo. 



(3.25) 
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b) 

c = 2; /i = 2, 3, . . . , oo, /2 = 2, 3, . . . , oo, (3.26) 
except of the case /i = oo, /2 = oo, 

c) 

i=i 

c = 3; /i = 2, /2 = 2, /3 = 2,3,...,<oo, (3.28) 
c = 3; (/i, /2, /s) = (2, 3, 3), (2, 3, 4), (2, 3, 5). (3.29) 

III. Let 
a) 

Oi) 

c = 5, Ef>l, (3.31) 

1 ^3 

02) 

c = 6, Ef>2, (3.32) 

1 ^3 

03) 

1 

04) 

1 *j 

This case and also the case c > 00 are impossible. 

b) 

c = 4, Er>0' S^r<2, (3.35) 

1 h j=i h 
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c) 



c — 3, 



1 h 



-1, 



j=i h 



(3.36) 



So, as a function having zeros at the points C^n = In ■ Coi we may take the 
automorphic form related to discrete subgroup F = {7n}- If the fundamental 
domain r\D has finite area, we may take it as polygon with finite number 
of sides which are segments of geodesies. Vertices of a polygon lying on 
the bondary of disc are called parabolic vertices. Wc denote V the set of 
parabolic vertices, and ~ D[jV. Now we are ready to give the definition 
of the automorphic form. 

Definition. An automorphic form of weight m (m is integer) is a func- 
tion fm{z) that is analytic in D, satisfies the functional equation 



fmiC ■ In) = {/3nZ + an)^"" /m(^), 7i 



Or, 



I3n 



e r 



and is regular in ( this means that at each parabolic vertex (p of the domain 
T\D, there should exist lim{z — Zp)"^"^ fm{z) at the interior of 

domain V \ D). An automorphic form fm{z) is called parabolic if fm{z) 
vanishes at all parabolic vertices. 

The set of automorphic forms of weight m builds a finite-dimensional vec- 
tor space. We denote (/^(r) {d^{r), corrcspondently) the dimension of the 
space of automorphic forms (the space of parabolic forms, correspodcntly). 
Let mo(mo ) be the least m for which dmiX) > 2 {d^(T) > 2, correspon- 
dently). It is known (see for example [Le 1964]) that if r\D is compact, then 
dm(r) — d^{r), mo = tUq, and any automorphic form may be considered as 
parabolic one. 

The dimension of the space of automorphic forms of weight m is given by 



c?m(r) 



1, 

[{2m 



l){p 



El 



m 



(1 



for m < 0, 
for m = 0, 
for m = 1, 
for m > 2. 



(3.37) 



Here, p is the genus of the fundamental domain, [m] is the integer part 
of the number m, and gi > p is the number of holomorphic differentials on 
the Riemann surface r\D. 
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With this, the number of zeros of function fm{z) in the interior of funda- 
mental domain is given by the Poincare formula [Po 1882] (written here in a 
somewhat different form) 

N = 2mSr/n. (3.38) 

It should be mention that if there are elliptic and parabolic verticies, this 
number need not be integer. 

Further, from a comparison of (3.22) and (3.37) we found that 



N>dm+P-1: 



(3.39) 



with the equality sign holding only in case when the numbers m/li are inte- 
gers, including zero. 

In what follows we shall be interested in automorphic forms for which 
c^m(r) > 2. We denote by mo the minimal weight of such forms. We consider 
now the values which mo may take. 

I. If p > 2 then mo = 1, as it is evident from formula (3.37). 

II. Let p = 1 and let C2 be the number of parabolic cycles. Then, if 

a) C2 > 2, then mo = 1, 

b) C2 = 1, then mo = 2, 

c) C2 — O and r = (1, 1; 2), then mo = 4, 

d) C2 — O and F — (1, 1; I), I > 3, then mo = 3, 

e) C2 = 0, c > 2, then mo = 2. 

III. If p = then 

1 



rriQ > nil 



TT 

2^ 



■i=l 



El- 



- 2 



c 1-1-1 



=1 



(3.40) 



Let us introduce the notation: 

A^o = 2moSr/n. 

It follows from (3.39) that Nq > 1. Therefore, Nq can be equal to one only 
in the case oi p — 0. 
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With this, dmo = 2, and the value of mo may be determined from (3.38): 



mo = 



2St 



TT 




(3.41) 



Let I be the least common multiple of the numbers Ij which are not 
infinite. Then, (3.41) can be written in the form: 



from which it follows that mo < 1. However, mo must be divisible by those 
of li which are not infinite. Therefore, they must coincide with I, i.e., mo — I- 
Thus we have 

Proposition. If group F of signature (0, c; h. . .Icn oo, . . . oo) admits 
automorphic form fmo{z) with one zero in the fundamental domain, then 
mo is the least common multiple of the numbers h-ih-i ■ ■ ■ and, moreover, 
must satisfy the condition 



It is not difficult to show that (3.42) has a solution only for c = 3,4,5, 
and that the number of solutions of this equation is finite. There are 21 
discrete subgroups F corresponding to them. All of them are fisted in Table 
I. 




mo(c-2) 



k 



1. 



(3.42) 
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TABLE I 



mo 


r 


1 


(0,3 


oo, oo, oo) 


2 


(0,3 


2,oo, oo), (0,4; 2,2,2,oo), (0,5; 2,2,2,2,2) 


3 


(0,3 


3,3,oo) 


4 


(0,3 


4,4,4), (0,3; 2,4,oo), (0,4; 2,2,2,4) 


6 


(0,3 


2,3,oo), (0,3; 3,3,6), (0,3; 2,6,6), (0,4; 2,2,2,3) 


8 


(0,3 


2,4,8) 


10 


(0,3 


2,5,5) 


12 


(0,3 


3,3,4), (0,3; 2,3,12), (0,3; 2,4,6) 


18 


(0,3 


2,3,9) 


20 


(0,3 


2,4,5) 


24 


(0,3 


2,3,8) 


42 


(0,3 


2,3,7) 



4 Case of g-deformed siz(2)-coherent states 

In this section wc consider the basic properties of the system of gr-deformed 
S'u(2)-coherent states (see [Ju 1991] for other details). 

The basic quantities here are the operators J-t and Jq, which act in the 
Hilbert space H. of finite dimension 2j + 1 (j is half-integer, 2j + 1 is a positive 
integer) with the basis 

li,/"), = -J, + (4.1) 

or 

n = i + n = 0,l,...,2i. (4.2) 
The operators J± and Jq act as follows 

j± I J, ^x) = ^J\j^ii]\:j±ii + i] I J, /X ± 1) , (4.3) 

Jo\j,l^) ^ (4.4) 

or 

J+ \n) = ^[n+1] [2j-n] \n + l), (4.5) 
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J_ \n) = v^N [2j -n + l] \n-l), 
Jo \n) = (n-j) \n). 
Here [n] is the Gauss symbol [Ga 1808] 



(4.6) 
(4.7) 



[n] = 1 + q + . . . + q 



1-q'' 



1-q 

/^From (4.5) it is not difficult to obtain 



[n]\ = [l][2]...[n]. (4.8) 



\n) 



[2j -n]\ 



(J+)"|0). 



(4.9) 



/^From (4.5)-(4.7) it follows that the operators J± and Jo satisfy the commu- 
tation relations Q 



[Jo,J±] = ±J±, [J+,J-] = [2Jo], 
where the operator [2Jo] is defined by the formula 

[2Jo] 1^) = A„ \n), 



(4.10) 



(4.11) 
(4.12) 



(g^-q2/i], /i>0; 
\-g^+q-2^], ^<0. 

Now we define the system of g-deformed coherent states by the formula 



1^) = e,{zJ+) |0). 



;,From (4.9) we have 



2i 



(4.13) 



(4.14) 



and we may calculate the norm of this state 



2j 



{z\\z) = G,,i\z\') = j: 



^0 H[23-n]\ 



\z 



2n 



[1 + \z 



21 (2j) 



(4.15) 



'*Note that we use the quantum algebra generators different from the standard ones 
[KR f981], [Ji 1985] 



Here G2j{x) is a certain polynomial of degree 2j. Let us give the simplest 
examples: 

Go^l, Gi^l + x, G2^1 + [2]x + x^ ^l + {l + q)x + x^; 

G3 = 1 + [3]a; + [3]a;' + = (1 + (^1 + ([3] -l)x + x^^,... (4.16) 

Note that these polynomials were first considered by Gauss [Ga 1808] and 
investigated in more detail in the paper by Szcgo [Sz 1926]. Here we note 
the following important properties of these polynomials: 

i) Their roots are located on the circle of unit radius and x — 1 is not a root. 

ii) The relation of these polynomials to theta-functions [Sz 1926]. Namely 

the functions 

yjil - g) (1 - q2) . . . (1 _ qn^ V 

are orthogonal on the unit circle {z: z = e*^} with the weight function 
f{0), which coincides with theta-function 

J 

CXD 00 

n=—oo n=—oo 
n=l ^ 

Note also that we have 

n 

Gn(g^/^) = n(i+o, 

I/=l 

the expression for the generating function for Gn{x\ 

±^.(1- q) (1 - g2) ... (1 - qn) 11 (1 _ ^^t) (1 _ qn^^) ' 



Die''] 



n=0 ^M-^ H J ■ ■ - y-^ H ) „=o 
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and the recurrence formulae 

Gn+l{x) = (1 + X) Gn{x) - (1 - g") xGn-l{x); 

Gniqx) - (1 - g") Gn-i{qx) = 

Let us denote the roots as d, . . . , (2j- Then = 1 and (j^ is also the 
root as Cfc- So 

Gn(x) = n(^-o)- 

The normalized coherent states now take the form 



-1/2 2j 

\z) = (G,,{\zr)) E 

n=0 



[2J]! 



^[n]![2j-n] 

and the scalar product of two such states is 

G2j{wz) 



(4.17) 



{w\z) 



G^jim G2j{\w\^) 



1/2- 



(4.18) 



So for the fixed coherent state \z) there are 2j coherent states \wk), k — 
1, . . . , 2j, which are orthogonal to state \z). Here 



(4.19) 



As for the standard system of coherent states, for g-coherent states we 
also have the resolution of unity 



j \\z) {z\\dqfx{z) = /, 



V(^) = (G2jM')y'd,{\z\')d9, z^\z\e 



2ti 

To prove this, let us consider the integral 

In,l 



x^iGdx, 



dqX. 



(4.20) 
(4.21) 

(4.22) 
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Then after an integration by parts [Ex 1983] we have 



q [n] i""^ 



and hence 



Furthermore 



[/ - 1] Jo 



Ind — 



[n]\ 



[l-l] [1-2]. ..[l-n 



lo. 



l—n- 



iO,l-n — 



Gi-n{q "x) dqX 



and finally 



l^'x" (Gi{x)y\, 

)lution of uni 
by a polynomial of degree 2j: 



X 



[l-n-iy 
[n]\ [l-n-2]\ 



(4.23) 



(4.24) 



(4.25) 



(4.26) 



As a result of resolution of unity, an arbitrary vector \'ip) may be represented 



m = (^IV^)- (4-27) 
Finally we come to the functional reahzation of the Hilbert space 

= / M^M^) d,fi{z) (4.28) 

and have the basis: 



fn{z) = {z\\n) 



■ z . 



n \ 



(4.29) 



It is easy to see that any set of (2j + 1) coherent states form nonorthogonal 



basis in Tj. 



5 Case of q-deformed suq{l, l)-coherent states 

In this section we consider the basic properties of the system of g-coherent 
states for discrete series (see [Ju 1991] for other details). 
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The basic quantities here are the operators K± and Kq, which act in the 
infinite-dimensional Hilbert space Ti. with the basis 



{\k, /i)}, n = k, k + 1, ... 



or 



{|n)}, n = fi — k, n = 0, 1, . . . . 
The operators K± and Kq act as follows 



K± \k,fi) = ^ [fi ± k] [fi ^ k ± 1] \k, fi ± 1), 
Kolk, ^) = ^\k, jj) 



or 



K^\n) = J[n + l] [2k + n] |n + 1), 



K^\n) = ^[n] [2k + n- 1] \n - 1) 
Kq \n) = {k + n) \n). 
Here [n] is the Gauss symbol [Ga 1808] 

1 — 



[n] = l + q + ... + q'' 



l-q 



;,From (5.5) it is not difficult to obtain 



\n) 



[2k]\ 



\ [n]\ [2k + n-l] 



(^+rio). 



(5.1) 
(5.2) 

(5.3) 
(5.4) 

(5.5) 

(5.6) 
(5.7) 



N! = [1][2]...H. (5.8) 



(5.9) 



/^From (5.5)-(5.7) it follows that the operators K± and Kq satisfy the com- 
mutation relations f\ 



[Kq,K±]=±K±, [K.,K+] = [2Kq], 
where the operator [2Kq] is defined by the formula 

[2Kq] \n) = A„|n), 



(5.10) 



(5.11) 



^Note that we use the quantum algebra generators different from the standard ones 
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A„ = (^q^-''[n + k] + q>'+''-^[n - k]j = (^g^fc+n-ij^j ^ ^n^^ ^ 
Now we define the system of g-coherent states by the formula 

\\z)=e, {zK+)\0). 

^Prom (5.9) we have 



E 



[2k]\ 



and may calculate the norm of this state 



z^'ln) 



(5.12) 



(5.13) 



(5.14) 



{z\\z)=f,,{\z\') = y: 



[2k 



n=o [r^V-m 



"-l]'|,|2n 



1 - 1^1 



(5.15) 



Here F2k{x) is the function of degree {—2k): 
Let us give the simplest examples: 

Fo = l, Fi^{l-x)-\ F2^ (l-[2]x + x^^ ' ^ (^l-{l + q)x + x 

F3= (l-[3]x + [3]x2-x3)~' = ((1-x) (l-([3]-l)x + x2))"' ... (5.16) 

Here we only note that the poles of these functions are located on the circle 
of unit radius and that, at integer k, x — 1 is a pole. 

Let us denote the poles as Ci; • • • ■ C2k- Then = 1 and is the pole 
too as (k- So the normalized coherent states have the form 



-1/2 oo 

E 



[2k]\ 



and the scalar product of two such states is 

F2k (wz) 



z \n) 



(5.17) 



{w\z) 



F2k{\z\'')F2k{\w\') 



1/2- 



(5.18) 
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As for the standard system of coherent states for g-coherent states we 
also have the resolution of unity 

J\\z){z\\dgii{z)^I, (5.19) 

= (^F,,+2{\z\')y'd,{\z\')d0, z^\z\e^'. (5.20) 

To prove this, let us consider the integral 

In,i^ x^(Fi{x)^ 'dgX. (5.21) 
Then after an integration by parts [Ex 1983] we have 

In,i = Y^T] lo {Fi^iiQ-'^))'' dx (5.22) 



and hence 



Furthermore 



and finally 



[l-l][l-2] ...[Z-n] 



(5.23) 



Io,n-i = I' (^Fl_r^{q-''x)^ ' d,x = _ (5.24) 



As a result of resolution of unity, an arbitrary vector j-^) may be represented 
by a function of degree 2k: 

i^itj^izWi^). (5.26) 
And we finally come to the functional realization of the Hilbert space Tk- 

= / d,l^{^) (5-27) 

and we have the basis 



fn{z) = {z\\n) = 



P^l' ^. (5.28) 



\ [n]\[2k-n]\ 



24 



So all formulae here are similar to the corresponding formulae for the case of 
Heisenberg-Weyl algebra. Comparing, for example the basic formulae (2.15) 
and (5.15) we can see that the case of Heisenberg-Weyl algebra is similar to 
the case of sii (1,1) for /c = i. So, for sUq{l,l) algebra we have the results 
analogous to results of section 2. 
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